Theory of
Computatlon

EEEEEE




Books

(OMP“TAIION P 4 U -Clc)I.nlljulmlhi.litly.. |
_———_- COI’Hpchi{_\g and

AN INTRODUCTION Languages

JAMES L. HEIN




PowerPoint

http://www.bu.edu.eg/staff/lahmedaboalatah14-courses/14767

staff Sedieigome:Ahmed Hassan Ahmed Abu E| Atta (

Benha University

You are inHome/Courses/Automata and Formal Languages Back To Courses

Benha University
Home

PP TR

My C.V. m Automata and Formal Languages
About
Level Undergraduate
Courses
Publications Last year taught 2018
Inlinks{Competition) =
Course description Not Uploaded )
Theses =
-
s O
: Course password
Published books w
Workshops | Conlerences - ———— “ = = p——— o =
add fies Y
Suporsad 0 | counsenies | (@

Supervised MSc
Supervised Projects
Education
Language skills
Academic Positions

Administrative Positlons

Ass. Lect. Ahmed Hassan Ahmed Abu El Atta :: Course Details:
Automata And Formal Languages

add course | edit course

Course URLs

Course Exams
&Model Answers

add exams

0680~

1 S
|

|.'F
=

@~




Programs and
Computable
Functions

SIMPLE LANGUAGE Il

___________________________________________________________________________________________________________________]




Agenda

» Multiply Two Variables

»The Macro Expansion of Z, <X, +Y
»Subtraction

» Syntax

»Snhapshot

» Computable Functions



Multiply Two Variables

flxy,x,) =x,-x,

Since multiplication
can be regarded as
repeated addition,
we are led to the
"program"




Multiply Two Variables

Z, < X,
| B] IF Z, # 0 GOTO A4
GOTO E
flxp, %) =x,x, [4] Z,«Z,—1
Z, <X, +Y
Y « Z,
GOTO B



Multiply Two Variables

Of course, the "instruction”

Z, < X,

Z, <X+ Y is not permitted in [ B] IF Z, + 0 GOTO A4

the language .~ GOTO E

What we have in mind is A] Z,<Z,-1

that since we already have Z, <X, +Y

an addition program, we can Y « Z,

replace the macro Z, <X+ Y GOTO B

by a program for computing

it, which we will call its

macro expansion. Z <X +Y Why not?
Y7,




Multiply Two Variables
What does this program

actually compute?

;:f) It should not be difficult
[ B] IF Z + 0 GOTO 4 L0 see thatinstead of
GOTO E computing x, +y as
(4] Z<Z-1 desired,
Y« Y+1 |
GOTO B this program computes

2X4



The Macro Expansion of
L, —X,; +Y:

Z, < X,

[Bl IFZ,+ 0GOTO 4
GOTO E

(4] Z,«Z,—1

Z, < X,
Z, <Y

[B,] IFZ,+ 0GOTO A4, | Macro Expansion of
GOTO E, Z, <X +Y

(4] Zy < Z; -1
Z, —Z +1
GOTO B,

[E,] Y« Z,
GOTO B




The Macro Expansion of
L, —X,; +Y:

1.” The local variable Z, in the addition program in (d) must be replaced
by another local variable (we have used Z,) because Z, (the other
name for Z) is also used as a local variable in the multiplication
program.

2. The labels A4, B, E are used in the multiplication program and hence
cannot be used in the macro expansion. We have used A4,, B,, £,
instead.

3. The instruction GOTO E, terminates the addition. Hence, it is
necessary that the instruction immediately following the macro ex-
pansion be labeled E,.



What is the Function?

If we begin with X; =5, X, =2, the

program first setsY=5and Z = 2. Y « X,

Successively the program sets Y =4 L < X,

Z=1andY=3,7Z=0.Thus, the [C] :}Fo?rg E?GOTOA

computation terminates withY=3 _ .

i 4] IFY #0GOTO B
' GOTO 4

Clearly, if we begin with X; =m, X, : [B. Y<Y-1

n, where m 2 n, the program will Z—7Z -1

terminate with Y =m - n. GOTO C



What is the Function?

What happens if we begin with a

value of X, less than the value of Y « X,
X,,eg,X;=2,X,=5? Z < X,
The programsetsY=2andZ=5 LC] gogl"; g:GOTO A
and successivelysetsY=1,72=4 [ 4 IFY # 0 GOTO B
and Y =0, Z = 3. At this point the GOTO A
computation enters the "loop": [B! Y<~Y -1
L —7Z -1
[A] IF Y # 0 GOTO B GOTO C
GOTO 4



Subtraction

Since y =0, there is no way out of this loop and the
computation will continue "forever.”

Thus, if we begin with X; =m, X, =n, where m < n, the
computation will never terminate.

In this case (and in similar cases) we will say that the
program computes the partial function.

X, — X, if x, >x,

8(x1, %) = {T if x, <x,



Syntax

A state of a program .~ is a list of equations of the
form V =m, where V is a variable and m is a
number,

including an equation for each variable that occurs
in .~ and including no two equations with the
same variable.



Syntax

VALID STATES INVALID STATES
let .~ be the program,
which contains the variables X=3, Z=3
X,Y, and Z.
The list

X=4,Y=3,z=3

is thus a state of . ~/




Snapshot

Suppose we have a program .~ and a state o of . 7

In order to say what happens "next," we also need
to know which instruction of .~ is about to be
executed.

We therefore define a snapshot or instantaneous
description of a program .~ of length n to be a
pair (i, o) where1<i<n+1, and o is a state of .~

Intuitively the number i indicates that it is the ith
instruction which is about to be executed;i=n+1
corresponds to a "stop" instruction.



Snapshot

If s = (i, o) is a snapshot of % and V is a variable of 2, then the value
of V at s just means the value of V at o.

A snapshot (i, o) of a program £ of length n is called terminal if
i =n + 1.If (i, o) is a nonterminal snapshot of 2, we define the successor
of (i, o) to be the snapshot (j, 7) defined as follows:

Case 1. The ith instruction of £ is V< V+ 1 and o contains the
equation V' =m. Then j =i+ 1 and 7 is obtained from o by

replacing the equation V' =m by V= m + 1 (i.e., the value of V
at T is m + 1).



Snapshot

Case 2. The ith instruction of % is V< V —1 and o contains the

equation V' =m. Then j =i + 1 and 7 is obtained from o by
replacing the equation V=mby V=m —1if m # 0, if m =0,
T=o0.

Case 3. The ith instruction of X is V<« V. Thent=o0 and j =i + 1.

Case 4. The ith instruction of 2 is IF VV # 0 GOTO L. Then 7 = o, and
there are two subcases:

Case 4a. o contains the equation V' = 0. Then j =i + 1.
Case 4b. o contains the equation V' = m where m # 0. Then, if there is

an instruction of 2 labeled L, j is the least number such that
the jth instruction of & is labeled L. Otherwise, j = n + 1.



[A] IF X # 0 GOTO B
Z — Z +1

Snapshot IF Z % 0 GOTO E
[B] XeX-1
Y<Y+1
Z—Z7Z+1

IF Z # 0 GOTO A4

For an example, we return to the program of (b), Section 2. Let o be
the state

X =4, Y=0, Z=0

and let us compute the successor of the snapshots (i, o) for various values
of i.

For i = 1, the successor is (4, o) where o is as above. For i = 2, the
successor is (3, 7), where 7 consists of the equations

X =4, Y=0, Z=1.

For i = 7, the successor is (8, o). This is a terminal snapshot.



A computation of a program

A computation of a program  is defined to be a sequence (i.e., a list)
S1s85,...,8 of snapshots of & such that s;,, is the successor of s; for
i=1,2,...,k —1and s, is terminal.




Computable Functions

Thus, let & be any program in the language % and let r,..
given numbers. We form the state o of % which consists of the equations

=r,, Y=0

., 1, be m

X] = r] ] .X2 = rz L] LR Xm
together with the equations V' = 0 for each variable V' in % other than
X, X, ,Y. We will call this the initial state, and the snapshot (1, o),

the initial snapshot.

Case 1. There is a computation s, s, , .
snapshot. Then we write l,b“”)(r] JTaye
variable Y at the (terminal) snapshot .S'k

. There is no such computation, i.e., there is an infinite sequence

. beginning with the mltlal snapshot where each s, _
r,.) is undefined.

., 8, of P beginning with the initial
,r,.) for the value of the

Case 2

1585, 83,..
is the successor of s;. In this case ¢S (r,,...,



Example

1,{X=r,Y=0,Z =0}),
4, {X=r,Y=0,Z=0}),
G,{X=r-1,Y=0,Z =0},
6,{X=r—1,Y=1,Z =0}),
7 A{X=r—-1,Y=1,Z=1}),
A {X=r-1,Y=1,Z=1)}),

A {X=0,Y=r,Z=r})),
2,{X=0,Y=r,Z=r)}),
GB,{X=0,Y=r,Z=r+1)}),
B, {X=0Y=r,Z=r+1}).

[A]

[B]

IF X #+#+ 0 GOTO B
Z—Z+1
IFZ+0GOTOE
X<X-1
Y<Y+1
Z<—Z+1
IF Z # 0 GOTO A4

(D
(2)
(3)
(4)
(5)
(6)
(7




Example a

[A] X<X-1 .
Y{_ Y_'_I (a) ‘p{]}(r)= {1 lf r=10
IF X # 0 GOTO 4 4

otherwise,




Example b, c

[A]

[B]

IF X #+ 0 GOTO B
Z — 7 + 1
IF Z # 0 GOTO E
X<X-1
Y<Y+1
Z <7+ 1
IF Z # 0 GOTO A4

[A]

[B]

[C]

[D]

b))  ¢O(r) =7,

If X+ 0GOTO B
GOTO C
X<X-1
Y«<Y+1
Z—7Z+1
GOTO 4
IF Z +# 0 GOTO D
GOTO E
Z—7Z -1
X<X+1
GOTO C



Example d

Y « X,

Z <« X,
[B] IF Z +# 0 GOTO 4 |

GOTO E (d  oPry,r) =r +r,,
[A] Z <7 —1

Y<Y+1

GOTO B



Example e

Z, « X,
[B] IFZ, # 0GOTO A
GOTO E
[A] Z,«2Z,—1 e I, r)=rr,y,
Z, <X, +Y
Y « Z,
GOTO B



Example f

Y « X,

Z < X,
C IF Z + 0 GOTO A4

GOTO E r,—r if r.>r
A IF Y # 0 GOTO B (f) ¢‘2>(r,,rz)={; o )

GOTO A AR
 B] Y<Y-1

Z—Z7Z —1

GOTO C




Example

(c) g}("larz) =T,
(d) Dr)=r, +0=r,,
r,,ry,1r3) =1, + 15



Total and Partial Functions

As an exarﬁple, let f be the set of ordered pairs (n, n?) for n € N.
Then, for each n € N, f(n) = n? The domain of f is N. The range of f is
the set of perfect squares.

» A partial function on a set S is simply a function
whose domain is a subset of S.

» An example of a partial function on N is given by
g(n) =Vvn, where the domain of g is the set of
perfect squares.

»|If a partial function on S has the domain S, then it
is called total.



Computable Functions

For any program £ and any positive integer m, the function
"(x,,...,x,) is said to be computed by 2. A given partial function g
(of one or more variables) is said to be partially computable if it is
computed by some program. That is, g is partially computable if there is a
program < such that

glry,...,r,) = ‘.;am}(r],---:?‘m)

forall ry,...,r

m L



Computable Functions

A given function g of m variables is called total if
a(r,, ..., r,,) is defined for all r,, ..., r,.

A function is said to be computable if it
is both partially computable and total.

Our examples from Section 2 give us a short list of partially computable
functions, namely: x, x + y, x-y, and x — y. Of these, all except the last
one are total and hence computable.
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